Dao Hoang Viet, 61 Ly Thai To street, Pleiku city, Viet Nam country.

APPLICATION MONOTONE OF FUNCTION
PROVE THE INEQUALITY

Problem 1: Let x be positive real numbers. Prove that
2

a) x—X?<In(1+x)<x;

b) In(1 X
) n(+x)>x+1,

c) e >1+In(1+x).

Solution:

2
a) We need prove x—x?< In(1+x)

2
Consider the function f (x)= x—X?—In(1+ x) with x>0.

We have
_2
f'(x)=1—x—iz X
1+x 1+X

Assuch f decreasing over (0;+w) and lim f (x)=—o0

X—>+0

<0, vx>0

2
Thus vx>0: f(x)< f(0)=0 or x—X?<In(l+x),VX>O.

Similarly, consider the function g(x)=In(1+x)—x with x>0.

We have

1 —X
! = —1:

9'(x) 1+x 1+x

As such g decreasing over (0;+«) and lim f (x)=—w

Thus vx>0:g(x)<g(0)=0 or In(1+x) <X, vx>0.

<0,vx>0

b) Consider the function h(x)=In(1+ x)—ﬁ with x>0
+

We have
h'(x)= 1 1! =% _50,vx>0
I+x (1+x)" (1+x)
As such h increasing over (0;+c0) and lim f (x) =+

X—>+00

Thus vx>0:h(x)>h(0)=0 or In(1+x)>ﬁ, Vx>0.
+

c) Consider f(x)=e*—-1-In(1+x) with x>0
We have



On the other hand
1

(1+x)
Assuch f' increasing over (0;+«) and lim f'(x)=+w. Deduce

f'(x)> f'(0)=0
Thus f increasing over (0;+c0) and lim f (x)=-+o Or

X—>+00

vx>0: f(x)> f(0)=0<=¢€*>1+In(1+x), Vx>0.

>0, Vx>0

Problem 2: Prove that

a) SNX_2 g xE[o;Zj;
X T 2
3

b) x—%<arcsinx all xe(0;1].

Solution

a) Consider the function f(x)=% with XE(O;%j

Easy deduce x—tanx <0, Vx e (O; gj
We have

£(x) = cosx(x —tanx) <0, VXE(O;gj

X2

As such f decreasing over (0;%) and Iirywﬂ.
x=>0" X

Thus VXE(O;EJI f(x)> f(£J=g©w>g, VXE(O;ZJ
2 2 T X T 2
3

b) Consider the function g(x):x—%—arcsinx with x (0;1].

We have
1 (1—x2) 1-x2 -1
g'(x)=1-x*- = ,0'(x)=0=x=0¢(0;1

(=16t s () (@1

On the other hand
X .
g"(x)=-2x- <0, ¥x€(0;1) and limg"(x)=—o0
(0 =28 g <0 e (00) and fimg (9

As such g' decreasing over (0;1] and limg'(x)=—-« or g'(x)<g'(0)

X—1"
Thus g decreasing over (0;1] and Iirpg(x)=§—%<o or

3

vxe(0;1]: g(x)<g(0)=0< x—%<arcsin X, Vx e (0;1]

0






