Dao Hoang Viet, 61 Ly Thai To street, Pleiku city, Viet Nam country.

Problem 1: Let a,b,c be positive real numbers. Prove that

b*(a+b) .\ c’(b+c) s a’(c+a) _2(a+b+c)va+b+c

\ja(a2+ab+bc) \/b(b2+bc+ca) \/c(cz+ca+ab) - 3
Solution:
We have
b?(a+b) s c’(b+c) s a’(a+b) _2(a+b+c)Va+b+c
\/a(a2+ab+bc) \/b(b2+bc+ca) \/c(cz+ca+ab) - 3
2 2 2
- 1 b*(a+b) ¢ (b+c) . @ (c+a) Z2(a+b+c)
Ja+b+c \/a(a2+ab+bc) \jb(b2+bc+ca) \/c(cz+ca+ab) 3
By the AM-GM inequality, we obtain
2 2
\/a(a+b+c)(a2+ab+bc)sa +ab+a042ra +ab+bc=(2a+c;(a+b)
Deduce
b® (a+h) _ 2
\[a(a+b+c)(a2+ab+bc) 2a+c
Similarly
c’(b+c) . 2¢
\/b(a+b+c)(b2+bc+ca)_2b+a
a’(c+a) .2

\/c(a+b+c)(c2+ca+ab) 2c+b

Applying the Cauchy-Schwarz inequality, we have
2b>  2¢ 28’ >2(<';1+b+c)2_2(a+b+c)

+ + >
2a+c 2b+a 2c+b  3(a+b+c) 3

Thus
b*(a+b) .\ c’(b+c) .\ a’(c+a) >2(a+b+c)x/a+b+c

\/a(a2+ab+bc) \/b(b2+bc+ca) \/c(cz+ca+ab)_ 3

Problem 2: Let a,b,c be positive real numbers. Prove that
(a®+2b%)(b* +2¢*)(a+b) . (b*+2¢%)(c* +2a%)(b+c) N (c?+2a%)(a* +2b*)(c+a)
\/a(az +ab+hc) \/b(bz +hc +ca) \/c(cz +ca+ab)

. 2(a+b+c)’\a+b+c

3




Solution:

We have
(a® +2b%)(b® +2c*)(a+b) (b®+2c?)(c’+2a%)(b+c) (c®+2a%)(a’+2b%)(c+a)
+ +

\/a(az +ab+hc) \/b(bz +hbc+ca) \jc(cz +ca+ab)
>2(a+b+c)3x/a+b+c
- 3

1 (a®+2b%)(b* +2c*)(a+b) (b*+2c?)(c*+2a%)(b+c) (c*+2a%)(a’+2b%)(c+a)

< + +

Ja+b+c \/a(a2+ab+bc) \/b(b2+bc+ca) \/c(cz+ca+ab)

3
22(a+b+c)
3

By the AM-GM inequality, we obtain
\ja(a+b+c)(a2 +ab+hc) <

a’+ab+ac+a’+ab+bc _(2a+c)(a+b)
2 2

By the Cauchy-Schwarz inequality, we have
(a®+2b%)(0* +2¢*) = (b* +b* +a” ) (b* +c* +¢*) 2 (b? +bc+ca)2

As such
2
(a% +2b%)(b® +2¢*)(a+b) . 2(b* +bc+ca)
\ja(a+b+c)(a2+ab+bc) 2a+c¢
Similarly
(b% +2¢%)(c? +2a° )(b+c) 2(c? +ca+ab)
\jb (a+b+c)(b?+bc+ca)  2b+a
(c* +2a%)(a? +2b2)(c+a) 2(a® +ab+bc)

\jc(a+b+c)(c tcatap)  2c+D
Finally, by the Cauchy-Schwarz inequality, we obtain
2(b? +bc+ca)2 2(c? +ca+ab)2 2(a’ +ab+bc)2 2(a+b+c)’ 2(a+b+c)’
>

+ + > =
2a+cC 2b+a 2c+b 3(a+b+c) 3
Thus
(a%+2b%)(b® +2¢?)(a+b) . (b*+2¢?)(c* +2a%)(b+c) (c*+2a%)(a’+20%)(c+a)
\/a(az +ab +hc) \/b(b2+bc+ca) \/c(cz +ca+ab)
. 2(a+b+c)’\a+b+c
B 3
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