Dao Hoang Viet, 61 Ly Thai To street, Pleiku city, Viet Nam country.

Problem 1: Let a, b, ¢ be positive real numbers. Prove that

1 1 1 3( 3 )7
+ + > — .
a’v’(a+b) b’c’(b+c) c’a’(c+a) 2\a+b+c
Solution:
By Holder ’s inequality, we get

1 1 1
a’h’(a+b) s (b+c) T (c+a)

1 1 1 a+b+c)’
_a%®®  p’c® %’ | abc _(atb+c)
~a+b b+c c+a 6(atb+c)  6(abc)

Applying inequality

3
abcs(a+b+cj
We have
(a+b+c)’ N (a+b+c)’ _ 3
(abc)’ (a+b+cj9 (a+b+c)
3
As such

1 1 1 3( 3 Y
313 t33 t33 2= :
a’b’(a+b) b’c’(b+c) c’a’(c+a) 2\a+b+c

Problem 2: Let a, b, ¢ be positive real numbers. Prove that

S S >§( 3 js
a’v’(a+b) b’c?(b+c) cla*(c+a) 2\a+b+c)’
Solution:

By Cauchy-Schwarz inequality, we get
1 1 1

a’b’(a+b) " pre? (b+c) T (c+a)

1 1 1 (a+b+cj2
_ah®  b*%®  cf’ | abc ) _ a+b+(2:
a+b b+c c+a 2(a+b+c) 2(abc)

Applying inequality

abc<(a+b+cj3

We have



a+b+c> a+b+c 3°

(abc)® (a+b+cj6 (a+b+c)
3
As such

1 1 1 3( 3 Y
212 53 t53 2= :
a’b’(a+b) b**(b+c) c’a’(c+a) 2\a+b+c

Problem 3: Let a, b, ¢ be positive real numbers. Prove that

1 1 1 3( 3 jg
+ + > — .
a’b*(a+b) b'c*(b+c) c'a’(c+a) 2\la+b+c
Solution:
By Cauchy-Schwarz inequality, we obtain

1 1 1
a'b’(a+b) s (b+c) s (c+a)

1 2 1 2 1 2 a2+b2+c22 2
_ a’b? N b%c? N c’a? S a’b’c? B (a2+b2+c2)

a+b b+c c+ta  2(a+b+c)  2(abc)’(a+b+c)
Applying inequalities

abcg(a+b+cjs
a’ +b*+c? 2—(a+b+c)2
We have
(a® +b? +c2)2 N (a+t;+ o) 3
(abc)* (a+h+c) (“?fcjlz(mmc) “(a+b+c)
As such

S S >§( 3 j“’
a'v*(a+b) b'c*(b+c) c'a*(c+a) 2\a+b+c)’

Problem 4: Let a, b, c be positive real numbers. Prove that

1 1 1 >3( 3

bzcz(a+b)(a+c)+cza2(b+c)(b+a)+a2b2(c+a)(c+b) “4la+b+c

Solution:

Using Cauchy-Schwarz inequality, we obtain

ja.



1 N 1 N 1
a’’(a+b)(a+c) b*c*(b+c)(b+a) c’a*(c+a)(c+b)

1 1
a’b’ b%c? c’a’
B (a+b)(a+c)+(b+c)(b+a)+(c+a)(c+b)
a+b+c)
abc B (a+b+c)’

> _
(a®+b?+c?+3(ab+bc+ca)) (abc)’(a®+b”+c?+3(ab+be+ca))

Applying inequalities

abc<(a+b+cj3
a2+b2+cz+3(ab+bc+ca)£%(a+b+c)2
We have
(a+b+c)’ . (a+b+c)’
2 - 6
(abc)”(a* +b? +c* +3(ab+bc+ca)) g(a+t§+cj (a+b+c)
sl
“4la+b+c
As such

1 . 1 . 1 >§( 3 js
b’c’(a+b)(a+c) c’a’(b+c)(b+a) a®’*(c+a)(c+b) 4la+b+c)’

Problem 5: Let a, b, ¢ be positive real numbers. Prove that

1 . 1 . 1 >§( 3 j“’
b'c*(a+b)(a+c) c'a*(b+c)(b+a) ah*(c+a)(c+b) 4la+b+c '
Solution:

By Cauchy-Schwarz inequality, we obtain
1 1 1

b'c*(a+b)(a+c) ' c‘a’(b+c)(b+a) ' a'b’(c+a)(c+b)

) O B )
(a+b)(a+c) (b+c)(b+a) (c+a)(c+b)

2
a?+b?+c? ,
a’b?c? (a2 +b? + c2)

>
(a®+b?+c?+3(ab+bc+ca)) (abc)’(a®+b®+c*+3(ab+bc+ca))

Applying inequalities




abc<(a+b+cj3
a2+b2+02+3(ab+bc+ca)s%(a+b+c)2
a2+b2+c22—(a+b+c)2
We have
a+b+c)
(a2+b2+02)2 g (9)
4 - 12
(abc)’ (a® +b* +c? +3(ab+hc +ca)) g[a+2+c) (a+b+c)
3 3 10
:Z(a+b+cj
As such

1 N 1 . 1 >§( 3 j”
b'c*(a+b)(a+c) ca’(b+c)(b+a) a'v*(c+a)(c+b) 4la+b+c)

Problem 6: Let a, b, ¢ be positive real numbers. Prove that

1 . 1 . 1 >§( 3 jg
b’c*(a+b)(a+c) c¥a’(b+c)(b+a) ab’(c+a)(c+b) 4la+b+c)’
Solution:

By Holder ’s inequality, we get
1 1 1
b’c®*(a+b)(a+c) ! c’a®(b+c)(b+a) ’ a’’(c+a)(c+h)
1 1 1
_ a’h® 4 bc® N c’a
(a+b)(a+c) (b+c)(b+a) (c+a)(c+b)

a+b+c)’
abc (a+b+c)’

> -
3(a®+b®+c”+3(ab+bc+ca)) 3(abc)’(a®+b”+c?+3(ab+be+ca))
Applying inequalities

abc<(a+b+cj3

a’+b?+c?+3(ab+bc+ca)<=(a+b+c)’

w| s

We have



(a+b+c)’ N (a+b+c)’
(abc)’(a® +b* +¢*+3(ab+bc+ca)) 4(a+b+c

9
a b 2
3 j(a+ +C)
4\a+b+c

3
1 . 1 . 1 >§( 3 jg
b’c*(a+b)(a+c) c¥a’(b+c)(b+a) ab’(c+a)(c+b) 4la+b+c)’

As such

Problem 7: Let x,, x,,..., X, be positive real numbers. Prove that

1 1
3,3 3 NENCIINE e
X Xg g (X X+ + X)) XoXgwXs (X + X+ + X))

Solution:

Using Holder s inequality, we obtain

1 1
3,3 3 BENENERE e
XKoo Xy (X X o+ X)) XoXge XS (X, + X+ +X,)
1
e (X, + X 4+ X )
n“1 " n-2 n 1 n-2
1 1 1
3y3 3 3,3 3 33 3
_ X Xen L XXXy XXX,
X+ X+t X X+ Xy e X, X, + X+ X
3
X + Xy oo+ X 2
. XX, X, (X + X, +---+X,)
= = 3
3(N=1)(x + % ++X%) 3(N=1)(xX,X,)
Applying inequality
n
X, + X, +oo+ X
XX, oo X, <| 2—2 .
n
We have
2 2
(X X+ + X)) (X X+ +X,) n°"
3 = an 3n-2
(X%, X)) X + Xy o+ X (X + X%, +--+X,)
n
As such
1 1

—+ + ...
3.3 3 3,3 3
X Xg g (X X+ + X)) XoXgeXs (X + X+ + X,)

2 3n-2

1 n n
+ 3,3 3 2
XXe o Xy, (X + X 4+ X)) 3(N=1) X, +X, +--+X,




Problem 8: Let x,, x,,..., X, be positive real numbers. Prove that
1 1

2,2 2 2,2 2
XXy Xy (X Xy o Xy ) XoXg oo X (X + Xy 4o+ X, )

2n-1
1 n n
+ 2,2 2 2
XoXe o X, (X + X 4o X)) D=1 X + X, 4+ X,
Solution:

Using Cauchy-Schwarz inequality, we get

—+ + ...

1 1
2,2 2 t 27 2 Fee
XXX (X X+ X ) X Xgo Xy (X + Xg +--+X,)
1
O (X, + X+ + X )
n“1 et n-2 n 1 n-2
1 1 1
2,2 2 2,2 2 2,2 2
_ X% Ky XXX XXX
X 4 X+t Xy X+ Xg oot X, X, + X+ X,
2
(x1+x2+---+xn}
XX, X X X X,
- - 2
(N=2) (%, + X, +--+X,) (N=1) (X%, )
Applying inequality
n
X, + Xy +o0 e+ X
XX, oo X, <| 22 s
n
We have
2n
X+ X4t X x1+x2+~-+xnzn= n _
(X%, X)) X + X, oo+ X (X, + X, +---+X,)
n
As such
1 1
> + +...

2 2 2,2 2
XX Xy (X X et Xy ) XoXg oo Xe (X 4 Xy oo+ X, )

2n-1
1 n n
+ 2,2 2 e
XoXe o X, (X + X e X)) D=1 X + X, 4+ X,

Problem 9: Let x, x,,..., x, be positive real numbers. Prove that
1 1

XXy X (X X e X ) XgXg oo X (X + Xg oo+ X))

1 4n-3
2 4 2 l ( i J
XX X, (X + X 4o X ) N=1{ X + X, +-+ X,

Solution:

+ + ...



By Cauchy-Schwarz inequality, we obtain

1 1
44 2 T2 4 T
XXy Xy (X X e Xy ) XXy oo Xy (X + Xy oo+ X, )
N 1
4
XoXg oo X (X, + X, + o+ X )
1 1 1
4.4 4 4.4 4 4.4 U4
— Xl X2 Xn—l X2X3" Xn . XnXl Xn—2
X 4 X+t Xy X+ Xg oot X, X, + X+ X,
2
X+ X+ X
22 2 2 2 2\2
X2X2 - X2 ~ (X1+x2+--~+xn)

B (n—l)(xl+ X, —|—-.-+Xn) (n_l)(xlxz...xn)4(xl+ X, +...+Xn)
Applying inequalities

n
X, + X, +oo 4 X
XX, -+ X s( L ”]

n
We have
X, + X, + + X
(xf+x§+...+x§)2 N ( an )
4 = 4
(Xlxz...xn) (X1+X2+..-+xn) (X1+x24n—~-+an n(Xl+X2+“'+Xn)
r]4n—2
_(xl+x2+---+xn)4n_3
As such
1 1
+ +...

44 4 4,4 4
XX Xy (X X e Xy ) XXy oo Xy (X 4 X oo+ X, )

. 1 o.n n "
XX e X, (X X e+ X ,) D=1 X + X, +-+ X,
Problem 10: Let x;, x,,..., X, be real numbers and satisfy the condition
X +X, +--+X, =0.
Prove that
16™ 16 16™ n
+ +ot 2>
4X1 +2X2+X3 4X2 + 2X3+X4 4Xn +2X1+X2 2

Solution:

By Cauchy-Schwarz inequality, we obtain



16* 16™ 16™
+ +... +—
4X1 +2X2+X3 4)(2 +2X3+X4 4Xn +2X1+X2
2 2 2
4 4% 4%
_ @) ) )
4)(1 +2x2+><3 4)(2 _'_2)<3+x4 4Xn +2x1+x2
(4Xl +4% +---+4X")2
>
A% 4 4% o 400 4 20270 L DT 4L g PR
2
. (4Xi + 4 +-~-+4"“) _ 4% L 4% .1 4
_2(4X1+4X2+---+4X") 2
Using AM-GM inequality, we obtain
B4 4 8% gy 45 > Y4445 4% = nYaRrer T —

Thus
16 16% 16
+ + eee + —_—
4)(1 _|_2x2-¢—x3 4x2 + 2x3-¢—x4 4xn +2x1+><2

n
=—.
2

Problem 11: Let x;, X,,..., X, be positive real numbers. Prove that

1 1

2 2 2 2 1 + 2 2 2 2 1

XXE - X2 X2 (X + 2%+ (N=1) X, ) XXX X2 (X + 2%, +++-+(n=1)x,)
2n
1 2 n

+— > >

X X2 X (X 2%+ (N=1) %) n=1 X+ X+ 4 X,

Solution:
By Cauchy-Schwarz inequality, we get
1 N 1

XXz X2 X2 (X + 2%+ (N=1) X, ) XXX+ X2 (Xy + 2%, +---+(n—=1)X,)
N 1

2 2

XE - X2 X (X 2%+ (n=1) %, )

1 1
2 2 2 2,2 2

_ X5 o X X + Xi X0 X, 4o

X Xo + 2% X+ (M=) XX, XpXg + 2X,X, -+ (N —=1) X, %,

1
2 2

n Xl...xn—]_

Xy Xy + 2% X, + (N =1) X, X, 4

2
x1+x2+~~-+xnj

S XlXZH.Xn

n(xlx2 XX o XX XX e XX +xn_1xn)

(xl+x2+~~-+xn)2

2
DX, Xy )™ (XX + X Xg o XXy + XoXg -+ XX, + XX, )
Applying inequality

+ ...

+ ...



(X =%) + (X =%) et (% =% )+ (%= X5) He (X =%, )+ (X, = %,) 20
Deduce

2
XXy o XX, F XX oot XX oo XX SE(Xi+X2 +e 4 X))

Applying AM-GM inequality

n =

n
X, + X, ++X
XlXZ_”X <( 1 2 nj

n
We have
(x1+x2+-~+xn)2
(xlxz---xn)z(xlxz+---+x1xn+x2x3+---+x2xn+---+xn_lxn)
2n n*" _2n ( n jzn

N1 X%, ) T NI X X

As such
1 + 1 +...
X X2 X2 X2 (X + 2%+ (N=1) X, ) XXX+ X2 (X + 2%, +++-+(n=1)x,)

1 2 n 3
+— > >
X X2 X (X 2%+ (n=1) %, ) n—l(x1+x2+---+xnj

n-1"n

Problem 12: Let x;, X,,..., X, be positive real numbers. Prove that
1 1

4 4

xlx;‘~~~x;‘_1xr‘]‘(x2+2x3---+(n—1)xn)Jr xlx2x3'-'x;‘(x3+2x4+~~~+(n—1)x1)+m

1 2 n "
+— 2 >
XXX (X 2%+ (N =1) %) n=L X+ X+ 4 X

n-1"n

Solution:

By Cauchy-Schwarz inequality, we obtain



1 1
xlx§~~-xr‘,‘71x:(x2+2x3--~+(n—1)xn)+xfxzx;‘---x:(x3+2x4+~~-+(n—1)xl)
1
Xt XX (X 2%+ (N =1) %, )
1 1
e o
X Xo + 2% Xg -+ (N=1) XX, XpXg + 2X,X, -+ (N —1) X, %,
1
N Xf.‘.xr[‘ll—l
Xy Xy + 2%, X, + (N =1) X, X, 4
[xf+x§+~-+x§j2
> XXy o Xy
T N(X X, F XXy e XX+ XX o XX+ XX, )

+ ...

2
2 2 2
(xl +X, +-~-+xn)

4
DX Xy ) (XX + X Xg o XXy + XoXg -+ XX, + XX, )

Applying inequality
(4 =%) 06 =% ) o (=%, ) (0 =% ) 4 (X =%, ) e (X = %,) 20

Deduce

2
XXy o XX+ XX oo XX oo XX SE(Xi+X2 +e 4 X))

Applying AM-GM inequality

n
X, + X, 4o+ X
X, X, e+ X S( L2 "j
17%2 n n

2
X, + X, ++ X ) . i
(% y inequality, we have
n

and X} + x5+ +x2 >

2
2 2 2
(X + % 42

4
n(xlxz---xn) (xlx2 XX e XX XX e XX +xn_lxn)

2
n4n(xl+x2+---+xn) i
2n n2 _2n n
— =
N=1 (X 4% +-+%) N=1UX+X+ 4 X,

As such
1 N 1
XX XX (X + 2%+ (N=1) X, ) XXX X (X + 2%, +++-+(n—=1) X, )

“An-1™n

+ ...

1 2 n e
o >
XXX (X 2%+ (N=1) %) n=1 X+ X+ 4 X,

n-1"n

Problem 13: Let x,, X,,..., X, be positive real numbers. Prove that



1 1

—+ 72 + ...

X3 X2 (Xg + 2%+ +(n=1) X, )

1 2 n 3
+ >
X X2 XS (X 4 2%+ (N=1)X ;) N=1{ X +X, +-+X,
Solution:

By Cauchy-Schwarz inequality, we obtain

1 1
xf’xf--~x§71(x2+2x3--~+(n—l)xn)Jr x§x§--~x§(x3+2x4+~~-+(n—1)x1)+m
+ 2 2 3 1

XE e X3S (X, + 2%, -+ (N =1) X, )
1 1
XX, + 2X X+ (N =L)X X, XXy + 2X,X, + -+ (N =1) X, %,

1
2 2 2
Xl T Xn—ZXn

+
Xy Xg + 2% X, 4+ (N =1) X, X

n“*n-1

2
(xl+x2+-~-+xnj
S XlXZ.”Xn

n(xlx2 XX o XX XX e XX, +xHxn)

(xl+x2+~~-+xn)2

n(xlxz---xn)z(xlx2 + XX e XXy XXy e XX+ XX
Applying inequality
(Xl_XZ)z +(X1_X3)2 +"'+(X1_ Xn)2 +(Xz _Xs)z +"'+(X2 _Xn)2 +"'+(Xn—1_ Xn)2 20
Deduce

n 2
XXy o0 XX+ XXy e XX Ao X X s?(x#xz +o 4 X))

Applying AM-GM inequality

n =

n
N <(xl+x2+---+xnj

n
We have
(x1+x2+-~+xn)2
(xlxz---xn)z(xlxz+---+x1xn+x2x3+---+x2xn+---+xn_lxn)
2n n®" _2n ( n jzn
TN Xy X ) NI X X
As such

11



1 1
xlxz---xrf_l(xz+2x3---+(n—1)xn)Jr XaXZ -+ X2 (X + 2%, -+ (N=1) %)

+ ...

1 2 n 3
X X3 (%, +2%, -+ (n-1)x )Zn—l X, + X, ++--+ X
1 1 2 n-1 1 2 n

n-2"n

Problem 14: Let x;, X,,..., X, be positive real numbers. Prove that

1 1
t a3

(%, + 2%, +(n-1)x,) x1x2x3---xn3(x3+2x4+m+(n—1)xl)er

3 3
n—1Xn

X

1 2n n o
+— 3 >
X XX (X 2%+ (N=1)% ) B(N=D)\ X, +X, +--+X,

n-1'n
Solution:

By Holder ’s inequality, we obtain

1 1
xlxgmxﬁflef(xz+2x3-~-+(n—1)xn)+ xfxzx;?-nx,f(xg+2x4+~~-+(n—1)x1)+m
. 1

X2 XX, (% + 2%+ (n=1) X, ;)
1 1

3,3 3
X, X5... X
1723+ n s

3 3 3
Xy X5 4 X, N
XoXg + 2X, X, + 00+ X, X,

XX, 42X X -+ (N —1) X X
1
3 3 3
Xl"'Xn—ZXn—l

+
X, Xy + 2%, X, +---+ (N —1) X, X

n“*n-1

3
[xl+x2+-~-+xn]
S Xlxz...x

n

n

BN(X, Xy -+ XX, + XXy + oo+ XX, + o+ XX,

(xl+x2+~--+xn)3

- 3n(x1x2---xn)3(xlx2 e XX XXy e XX e X X))
Applying inequality
(xl—xz)2 +(x1—x3)2 +---+(xl—xn)2 +(%, —x3)2 +e (X, —xn)2 +'“+(Xn—1_xn)2 >0
Deduce

n 2
XX, o XX+ XX o XX ok XX SW(Xl—FXZ +e X, )

By AM-GM inequality

n
X + Xy +o X,
n

xlxz---xns(

We have

12



(x1+x2+---+xn)3
(XX, -+ X )3(x1x2+~~-+x1xn+x2x3+---+x2xn+---+xn71xn)

n

3n-1
,.2n n* _2n? n
- 3n-1
N=1(X + X+ X)) N=1{X+X 44X,

As such

1 1
+ ...

X)X X3 XS (X, + 2%, - (n_1)xn)+ XXX+ X (% + 2%, ++ -+ (N =1)x,)

s 1 . 2n n "
XXX (X 2%+ (N=1) %) B(N=D)\ X, + X, +--+X,

1
Problem 15: Let x;, x,,..., X, be positive real numbers. Prove that
1 1

xfxs---xj_l(xz+2x3---+(n—1)xn)+ X3X3 -+ X3 (Xy + 2%, -+ (n=1)x,)

1 2n n "
+ >
X2 X3 X (X 4 2%+ (N=1)% ) B(N=D)\ X, +X, +--+X,

n-2

Solution:

By Hdélder’s inequality, we obtain

1 1
4,3 3 2 1 t i 3 2 1 Fe
XXs X3y (X 4 2%+ (N=1) X ) XXX (X + 2%, ++-+ (N =1) X,
1
+ 3 3 4 2 1
XD X3 X (X, + 2%, -+ (N =1) X, )
1 1
xfx;3 X N XS XS o
XX+ 2X X+ (N=1) XX, XoXg + 2XpX, e+ XX,
1
3 3 3
X233

+
Xy Xy + 2%, X, +---+ (N =1) X, X,

3
[x1+x2+---+xnj
XlXZ.”Xn

BN (XX, -+ XX, + XXy + oo XX, oo+ XX,

>

(x1+x2+-~+xn)3
3n(x1x2---xn)3(x1x2 Foee o XX XXy oo XXy e X X))
Using inequality
(Xl—X2)2+(X1—X3)2+--~+(X1—Xn)2+(X2—X3)2+---+(X2—Xn)2+---+(Xn_1—
Deduce

) >0

13



2
XX, o XX, F XX oot XX o XX SE(Xi+X2 +e 4 X))

Applying AM-GM inequality

n
N S(xl+x2+---+xnj
n
n
We have
3
(X + X, +--+X,)
3
(XX Xy )7 (XX oo XXy F XpXg oo XX -+ X, 4 X, )
3n-1
2n n* _on? n
> =
N=1(X + X+ %) M=%+ X+ +X,
As such

1 1
+

. 1 ._2n n o
XXX (X + 2%+ (N=1)X ) 3(N=1) (X, + X, 4+ X,

XIXg X2 (X, + 2% +(n=1)X,) x;‘xs---xj(x3+2x4+m+(n—1)x1)Jr

14



