Dao Hoang Viet, 61 Ly Thai To street, Pleiku city, Viet Nam country.

Problem 1: Let x,, x,,X, be non-negative real numbers and satisfy x; + x> +x; = 3.

Prove that
X, X, Xq < 1

4 2 + 4 2 + 4 2 =
X, +2X%,+9 X, +2X;+9 X, +2X +9 4

Solution:
We have

4 2 4 2 2

X +2x2 +9=x +1+2(x +1)+62 2] + 4%, + 624X, +4X, +4

Xy +2X2 +92 X +14+2(X +1)+ 62 2] + 4%, + 6 2 4x, +4x, +4

X§+2XF +92 X +14+2(X +1)+62 2] + 4%, +62 4, +4x, +4
Deduce

X + X, + Xs Sl X + X, + X3
X +2X+9 X +2X2+9 X3 +2X7+9 A\ X + X, +1 X+ X+l X+ X +1

We need prove
% X% %5 g
X +X+1 X +X+1 X +X+1

We have

X X X
L+ 2+ <1
X +X+1 X, +X+1 X +Xx +1

X, +1 X, +1 X +1
+ + >2
X +X+1 X, +X+1 X +x+1
By the Cauchy — Schwarz inequality, we obtain
X, +1 X, +1 X, +1
+ +
X, +X,+1 X, +X+1 X +X +1

N (% + %, + X, +3)°

(X L) (X + X, 1)+ (X 1) (X, + X A1)+ (X +1) (X, + X, +1)
On the other hand

2[ (%, +1) (X, + X, + 1)+ (X +1) (X, + Xy +1) + (X, +1) (X, + X, +1) ]

= 2X7 + 2X5 + 2X2 + 2%, X, + 2X, X, + 2X,X, + 6X, +6X, +6X, +6

:(xl+x2+x3+3)2
As such
X, +1 N X, +1 N X +1 -
X +X+1 X +X+1 X +Xx+1

Thus
X X X
4 12 + 4 22 + 4 32
X, +2X,+9 X, +2X5+9 X3 +2%X; +9

1
4



Problem 2: Let x;, x,,x, be positive real numbers. Prove that

1 1 1 1[1 1 1)
+ + <o —+—=—+—.

2 +X X +4 X2+ X +4 XX +2X +4 8l x X, X,
Solution:
We have
2 2 2 2 X+ x5 +2
2X) + X, + X +4=2| X{ +1+ 22 |2 2(2X + X, + X5)
2 2
X3+ X +2
X +2X + X +4=2 x§+1+& > 2(X, +2X, + X;)
2 2
X+ X5 +2
XD Xe +2X +4=2] Xg +1+ 222 |2 2(X, + X, +2X,)
As such

1 N 1 N 1
2 2 2 2 2 2 2 2 2
2X, + X, + X5 +4 X +2X, + X5 +4 X+ X +2X5 +4

1 S S
202X X Xy X F2X, Xy X Xy +2X
By the AM — GM inequality, we obtain

1 1 L1 1
2% X+ X (X X))+ (X +X) AL +X, X+ X

1(2 1 1
S| —+—+—
161 x, X, X

Similarly
1 1(1 2 1 1 1(1 1 2
— < =t —+— |, ———< | —+—+—
X, +2X%, +X; 160X X, X;) X +X+2X, 16\ X X, X,
As such
1 1 1 (1 1 1
+ + S| —+—+—=
2X + X+ Xy X 2K+ Xy X X, +2X;  ALX X, X
Thus

N E— wir.l
2XX+ X+ X +4 X2 +xXE 4 XA +2X +4 8l X X, X,

Problem 3: Let x;, x,,X, be positive real numbers and satisfy .01 =3.
Xl X2 X3
Prove that
1 1 1 3
2 2 2 T3 2 2 T3 2 2 Sz
2X X, + X5+ 4 X7 +2X, + X5 +4 X+ X, +2X5+4 8

Solution:



We have

2 2
+x2+x3+2

2 2 2 2
22X+ X5+ X5 +4=2| x{ +1 >2(2X,+ X, + X3)

2 2
XS+ X +2
LT TE

2 2 2 2
X, + 2% + X5 +4=2| x5 +1 > 2(%, +2X, + X;)

2 2
X, + X5 +2

X+ X5 +2X2 +4=2| X2 +1+ > 2(X, + X, +2X;)

As such
1 1 1

+ +
2 2 2 2 2 2 2 2 2
2%, + X, + X5 +4 X +2X, + X5 +4 X+ X +2X5 +4

1 S S
202X X Xy X F2X, Xy X X, + 22X
By the AM — GM inequality, we obtain

1 1 L1 1 1
2%+ X+ X (X X))+ (X +X) AU HX, X+ X

1(2 1 1
S| —+—+—
160 x, X, X

Similarly
1 1(1 2 1 1 1(1 1 2
— < —+— |, ———< | —+—+—
X, +2X%,+X; 160X X, X5 X +X+2X, 16\ X, X, X,
As such
1 1 1 (1 1 1
+ + <o =—+—+=
2X + X, + Xy X 2%, + X X +X, +2X; 4AlX X, X
Thus

1 1 1




