A METHOD FOR SOLVING SYMMETRIC INEQUALITIES.

Prof. Chirita Marcel,Bucharest,Romania

The method is applicable to certain broad categories of symmetric inecuatii. We have
chosen as an example a few inecuatii appeared in collections and in [1].

1. If a,b.c are real numbers such thata+ b + ¢ =1, then 15(ab+bc+ca)—27abc <4.
Solution. The Inequality 15(ab+bc+ca)—27abc <4 it is equivalent to g(ab+bc+ca) —abc < %.

Let f be a polynomial which has roots a, b, ¢, we have f(t)=(t-a)(t-b)(t—c) = t*— (a+b+c)t?

+(ab+bc+ca)t—abc. If a + b + ¢ = 1 then we have f(t)=(t—a)(t-b)(t—c) = t*~t* +(ab+bc+ca)t —
abc. Taking into account the inequality C-B-S one obtains t*~t* +(ab+bc+ca)t—abe < 2—17 [3t —
(a+b+c)]® . Fort :g one obtains (%)3 — (%)2 +(ab+bc+ca)§—abc < % (%)3 where it

5 . :
appears g(ab+bc+ca) —abc < 24—7 . Egalitatea se obtine pentru a=b=c =

W

2. If a, b, ¢ are real numbers such that ab + bc + ca= 2, then
2abc(atbc) - (abc)’ <2,

Solution. Let f be a polynomial that has roots, bc, ab ca, then f(t)=(t—ab)(t—bc)(t—ca) = t*—
(ab+bc+ca)t? +abc(a+b+c)t— (abc)® If ab + bc + ca = 2 then we have f(t)=(t—ab)(t-bc)(t—ca)
= £*-2t% + abc(atb+c)t— (abe)? . Taking into account the inequality C-B-S one obtains t*—2t° +

abe(atbe)t— (abe)’ < —[3t — (ab + bc + ca)]®. For t =2 one obtains

8 — 8 + abc(atb+c)t— (abe)? < %(4)2 where it appears 2abc(a+b+c) - (abc)? < %

Equality is obtained fora=b=c¢ :g :

3. If a, b, c are real numbers such that a? + b+ c? =4, then
2 (@” + 0% + ) - (abo)® <
Solution. Let f be a polynomial that has roots a ,b? ,¢?, then f(t)=(t—a®)(t—b?)(t—c?) = t* (a° +
b% + c?)t? +(a’h? + b%c? + c?a)t— (abc)’. If a% + b? + ¢? = 2 then we have f(t)=(t-a%)(t-b?)(t—c?)
= £ 412 +(a%b® + bc? + c?a®)t— (abe)®. Taking into account the inequality C-B-S one obtains
£3-4t° + abe(atb+c)t— (abe)? < % [3t — (a? + b? + c?)]3. Fort =§ one obtains



== 22 + 2 abo(atbro)t— (abe)’ < where it appears = abe(atb+c)t— (abe)’ <

176
27’

Viz

Equality is obtained fora=b=c¢ =

4. Either a, b, c three strictly positive real numbers that satisfy the condition:
ab +bc+ca +2abc =1. 1)

To point out that:

a) ab +bct+ca >

Bl w

. 3.1, 1,1
,b)a+b+czz,c)a+b+cz4(a+b+c)
Solution.

a) From 1 = ab +hc+ca +2abc > 4V2a3b3c3 < a3b3c? < é & abe <

)

@ | =

Observation. At the dam for the junior Balkan Olympiad was given the following inequality:
1 1

Either x, y, z three strictly positive real numbers such that — +—2 +1 =2.Toshow
1+x 1+y 1+z

that 8xyz < 1. How the relation is equivalent to xy +yz + zx + 2xyz =1 the relationship (2) is
a solution of the problem.

1—-ab—bc—ca

From (1) we have abc= and substituting in the (2) one obtains

1-ab-bc— 1 : 3
% < = where it appears ab +bc+ca22 . (3)

[e¢]

b) Let f be a polynomial which has roots a,b,c, then f(t)=(t—a)(t—b)(t—c) = t*~ (a+b+c)t?
+(ab+be+ca)t—abe & 23— 2(a+b+c)t? +2(ab+be+ca)t—2abe = 2(t — a)(t — b) (t — ©).
For t= —; one obtains -i % (at+b+c) - (ab+bc+ca + 2abc) = 2(- —; -a)( - —; -b)( - —;—c)

.1 - L ay-Lpy-2L_ 541 — 22 +3)(2 +bh)(2

-1 -3 (atb+c) -1 =2(- . a)( . b)( > C) & 213 (atb+c) = 2(2 +a)(2 +b)(2 +C)

5 1 2 /3 3 5 1 2 |27 27 9
=242 @atbro)s 2 Carbre) @2+l @< Z[Z+Z@+b+ o) +2(a+b+
)2+ @+b+ c)3] & 2(at+b+c)® + 9(a+b+c)? 27 >0 & (at+b+c+3)’[2(a + b + ¢) — 3]
>0 where itappearsa+b+c 2% . Equality is obtained fora=b=c = % .

€) T+i+->4(a+b+c) & ab+bctca dabc(a+b+c) (4)

Let f be a polynomial which has roots ab,bc,ca, then f(t)=(t—ab)(t-bc)(t—ca) = t*—
(ab+bc+ca)t? + (a+b+c)abct — a’h%c® . We do t = i and we note with A = ab +bc+ca
— 4abc(a+ b+ ¢) , B=ab+bc+ca and with C = abc and one obtains



1 1

Lo LA-aP<—(C-B)2 o A>1-16a0F -2C-BB oA
64 16 27 4 4 27 4
3_ 2 -
> 18 14432;2433 e A %(482—33B+36)(4B—3) . Because B =1 - 2C one obtains

A= Z(4C*+5C+1)(4B-3).
Results ab +bc+ca — 4abc(a+b+c¢) = %[4(abc)2+5abc+1][4(ab+bc+ca—3].

Taking into account the (3) one obtains ab +bc+ca — 4abc(a+b+c) =0.

Equality is obtained fora=b=c = % :

The results obtained are solving a problem at O.B.M. J 2006 and a problem proposed by
Mircea Lascu and Marian Tetiva from [1].

5. Either x, y, z with positive real numbers such that:
X2 +y* + 72 +2xyz = 1. (1)
Toshowthat: a) x+y+z S%;b) xy+yz+zxs%§x2+y2+zz; C) X2 +y +Z2+xy +

X+y+z
2

yz+zxs§ s d)xy+yz+zx < ;e) xy+yz+zx§%+2xyz.

Solution. From 1 = x? + y* + 2% +2xyz > 4V2a%b3c® < x3y3z3 < ﬁ & xyz < % (2)

From (1) we have xyz = 1_x2_2y2_22 and substituting in the (2) one obtains w < %
where it appears X +y* + 72 > % . (3)
To prove the point a). Let f be a polynomial which has roots X, y, z, we have

f(t) =(t=X)(t-y)(t=2) = t= (X+Y+2)t? +(Xy+yz+ZX)t-XyZ . (4)

2 _n2_ 52
From (1) we hawe xyz = =< —2"~%

and substituting in a tie and one obtains
& 28-2(x +y + X + 2(xy+yz+zx)t— 1 + X2+ y? + 22 = 2(t —a)(t — b)(t —¢).
Wedot=1andnote cuS=x+y+z and using the inequality C-B-S one obtains

1723+32322—7 (3—=5)3 & (S+3)%(2S-3)<0=25-3 <0= x+y+z <

N | W

Equality is obtained fora=b=c = % :

To prove the pointd).In (4) wedot = % and using the inequality C-B-S one obtains:



3
1 1 1 1 (3
5~ 7 (XTY+Z) + - (xy+yz+zx) —xyz < — (5 -(x+y+ z)) S

[(x+y+z)—2(xy+yz+zx)] < Xyz —%+$(§—(x+y+z))3

AR

x2—y2— (x+y+2)?
3

Taking into account the fact that xyz = — side X2+y*+7° > we find that

108[(x+y+2z) —2(xy +yz+2x)] 2 [2x+y+2)?+3(x+y +2z) +18][3-2(x + y + 2)]

X+y+z

Howx+y+z <

N w

results (x+y+z)—2(xy+yz+2zx) 20 xy+yz+zx <
Equality is obtained fora=b=c = % . To prove the point e).

Because x?+Yy® +z% +2xyz =1 results 2xyz =1 —x*—y*—2z% andthen xy +yz + zx < % +
2xyz & X2 +y? + 7 +xy+yz+zx£§

In (4) wedot=x+y+z =S and one obtains S®— S? + ( Xy + yz + zX)S —xyz
=(x+y)(y+2z)(z+x)

& SP-S(S% —xy — yz — zx) —Xyz =(X+Yy)(y+2)(z+X) © S = S(X* + y* + 2% + Xy + yz + ZX
) —Xyz =(X+y)(y+z)(z+X) ®)
Because X +y > 2\/xy,y+z> 2\/yz,z+x > 2Vzx results (x+y)(y+z)(z+x) > 8xyz
Then (5) becomes S®—S(x?+y?+2z% + Xy +yz + 72X ) —Xyz > 8xyz &

S(X*+y?+72 +xy+yz+2x) < S® —9xyz . To show that s? - oxyz S% & 25°-18xyz

and the fact that 3(x? + y? + z2) > &2

2 2.2
~3S < 0. Taking into account that xyz = ———*"=%"

inequality becomes 25°-18( 1 — S? )-38S <0 25 +352 38 -9 <0 & (5% +3S
+3)(2S—3)< 0 is true because x +y + z < % .Results x*+y? + 7% +xy +yz + zx < % & Xy

+yz+2zx < % + 2xyz. Points a, b), ¢)) and e) are a problem proposed by M.Tetiva and the
point d)

a problem of O.Purcaru, the short list 2003 din [1].

6. Either a, b, ¢, d positive numbers such that a> + b® + ¢® + d* = 1. To show that ab +cd
+(a+b)(c+d) <2 + dabed.

Solution. We note with S = ab +cd +(a+b)(c+d) and with P = abcd.
Consider the polynomial f(x) = x* — (a +b+c+d)x® + Sx? — (abc+abd+acd+bcd)x + P =

(x—a)(x —b)(x —¢c)(x—d) .



We have |f(it)|*=|t*-i(a+b + c + d)t> — St? - i(abc + abd + acd + bed)t + P| (1)

But |A+iB|> A< |A+iB|> 2 A= |A+iB||[A+iB|> A>= A*+B*> A”,
Equality is obtained for q = 0.

The relationship (1) becomes |f(it)|* = | t* — St + abcd |2 (2)

But |f(it)|* = |f(i)]If(it)] = (it-a)(it-b)(it—c)(it—d) (-it—a)(—it-b)(-it—c)(-it—d) =

(£ +a%)(t*+b?) (t*+c%) (t+d?) . (3)
From (2) and (3) we find | t* — St + abcd |2 < (1 +a%)(t2+b?)(t+c?)(tP+d?)

(4)

The inequality one obtains environments (t* +a?)(t?+b?)(t°+c?) (t?+d?) < 2—;6 (4 + 8% + b + ¢?

+d?)* = 2—;6 (4 +1)* and (4) becomes |t* —St? +abcd |2 < % (48 + 1)*.

In this latter connection we do t = % and one obtains

1 1 1

——-S+P|< - <:>|S—4P—l < 1 whereitappears S < 24+4P . Itis observed
16 4 4 4 4

that the complex of (1) for t = 1/2 is 0. So equality can be achieved. Equality is obtained for
a=b=c=d = % .

In all examples presented dificultati that arise in solving inequalities are sometimes in
finding the values of t and intermediate stages must go through them.
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